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ON κ-SPARSE NUMERICAL SEMIGROUPS
G. TIZZIOTTI AND J. VILLANUEVA
Abstract. Given a positive integer κ, we investigate the class of numerical semi-
groups verifying the property that every two subsequent non gaps, smaller than the
conductor, are spaced by at least κ. These semigroups will be called κ-sparse and
generalize the concept of sparse numerical semigroups.
Introduction
Let Z be the set of integers numbers and N0 be the set of non-negative integers.
A subset H =
{
0 = n0(H) < n1(H) < · · ·
}
of N0 is a numerical semigroup if its is
closed respect to addition and its complement in N0 is finite. The numerical semigroup
N0 is called trivial numerical semigroup. The cardinality g = g(H) of the set N0 \H
is is called genus of the numerical semigroup H . Note that g(H) = 0 if and only if
H = N0. If g > 0 the elements the complement N0 \H are called gaps and the set of
gaps will be denoted by Gaps(H). The smallest integer c = c(H) such that c+ h ∈ H ,
for all h ∈ N0 is called the conductor of H . The least positive integer n1(H) ∈ H
is called the multiplicity of H . As N0 \ H is finite, the set Z \ H has a maximum,
which is called Frobenius number and will be denoted by ℓg(H). A property known
of this number is that ℓg(H) ≤ 2g − 1, see [6]. In particular, H = N0 if and only
if −1 is the Frobenius number of H . At consequence of this fact, from now on we
use the notation ℓ0 = ℓ0(H) := −1, for all numerical semigroup H . When g > 0, we
denote Gaps(H) =
{
1 = ℓ1(H) < · · · < ℓg(H)
}
. So, c = ℓg(H) + 1 and is clear that
c = nc−g(H). For simplicity of notation we shall write ℓi for ℓi(H) and nk for nk(H),
for all integers i, k such that 0 ≤ i ≤ g and k ≥ 0, when there is no danger of confusion.
Let H = {0 = n0 < n1 < · · · } be a numerical semigroup of genus g > 0 with
Gaps(H) = {ℓ1 < · · · < ℓg}. H is said to be sparse numerical semigroup if
(0.1) ℓi − ℓi−1 ≤ 2,
for all integer i such that 1 ≤ i ≤ g, or equivalently ni−ni−1 ≥ 2, for all integer i such
that 1 ≤ i ≤ c − g. The concept of a sparse numerical semigroup was introduced in
[5] and [10]. For convenience, we consider the numerical semigroup N0 as sparse. For
each non-negative integer g, let
Ng := {0} ∪ {n ∈ N : n ≥ g + 1}
Keywords: numerical semigroup, Arf numerical semigroup, Frobenius variety, sparse numerical
semigroup.
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(in the case g = 0, it notation is itself the N0). It is clear that Ng is a numerical
semigroup of genus g. The semigroup Ng is called ordinary numerical semigroup and
is a canonical examples of sparse numerical semigroups. In this work, we introduce
and investigate the class of numerical semigroups verifying the property that every two
subsequent non gaps, smaller than the conductor, are spaced by at least κ, where κ is
a positive integer. These semigroups will be called κ-sparse and generalize the concept
of sparse numerical semigroups.
This paper is organized as follows. The Arf numerical semigroups was introduced
in [1] and since then several equivalent properties for these numerical semigroups have
appeared. In the Section 1, we present one of these properties, given in [3], and prove
that it is equivalent to a characterization given in [2]. The Section 2, contains the
concept of leaps on a numerical semigroup which serves as the basis for introducing
the concept of κ-sparse numerical semigroup that will be presented in the Section 3.
Finally, in the Section 4, we will present results on the structures of κ-sparse numerical
semigroups.
1. Arf Numerical Semigroups
Definition 1.1. A semigroup H = {0 = n0 < n1 < · · · } is called Arf numerical
semigroup if
(1.1) ni + nj − nk ∈ H,
for all integers i, j, k such that 0 ≤ k ≤ j ≤ i.
That is equivalent to ni + nj − nk ∈ H , for all integers i, j, k such that 0 ≤ k ≤
j ≤ i ≤ c− g.
Examples of Arf numerical semigroups are ordinary numerical semigroups. Rele-
vant examples of sparse numerical semigroups are Arf numerical semigroups.
For more details about Arf semigroups see e.g. [2] and [8]. The Arf property (1.1)
is equivalent to: 2ni − nj ∈ H , for all integers i, j such that 0 ≤ j ≤ i (cf. [3]). In
[2], there is fifteen alternative characterizations of Arf numerical semigroups which are
distinct of the given in the Definition 1.1. The goal of this section is to prove that the
property of Arf given in Equation 1.1 is equivalent to the characterization given in the
item (xv)∗ of [2, Theorem I.3.4]. Before describe of this proof we recall some basics
concepts, more details can be found in [2]. For two sets E and F contained in Z and
z ∈ Z, let
E + F := {e+ f : e ∈ E, f ∈ F} and E + z := {e+ z : e ∈ E}.
Let H be a semigroup numerical. A relative ideal of H is a nonempty subset E of Z
such that E +H ⊂ E and E + h ⊂ H , for some h ∈ H . A relative ideal of H which is
contained in H is simply called an ideal of H . A proper ideal is an ideal distinct from
H , that is, an ideal that does not contain zero. By a principal ideal of H , we mean
∗Theorem I.3.4 (xv) : H(nk) is stable ideal, for all integer k such that 1 ≤ k ≤ c− g.
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relative ideal E such that E = H + z, for some z ∈ Z. In this case, E is called an
relative ideal principal of H generated by z.
If E and F are relative ideal of H then (E − F ) := {z ∈ Z : F + z ⊂ E} is also a
relative ideal of H . For every relative ideal E of H , (E−E) is a numerical semigroup.
A ideal E of H is called stable if E is a principal ideal of (E − E).
Let H = {0 = n0 < n1 < · · · } be a numerical semigroup. For each i ∈ N0, let
H(ni) = {h ∈ H : h ≥ ni}.
Is clear that H(ni) is an ideal of H , for all i ∈ N0. If i 6= 0 then H(ni) is an proper
ideal of H .
Theorem 1.2. Let H = {0 = n0 < n1 < · · · } be a numerical semigroup of genus g
and conductor c. The following statements are equivalent:
(1) H is an Arf numerical semigroup;
(2) H(nk) is stable ideal, for all k ∈ N;
(3) H(nk) is stable ideal, for all integer k such that 1 ≤ k ≤ c− g.
Proof. We prove that (1) ⇒ (2) ⇒ (3) ⇒ (1). Initially suppose that H be a Arf
numerical semigroup and let k be a positive integer. We must show that H(nk) =(
H(nk)−H(nk)
)
+nk. Since nk ∈ H(nk), it is clear that
(
H(nk)−H(nk)
)
+nk ⊂ H(nk).
Now, let h ∈ H(nk). So, h = nj for some j ≥ k. Since nj = (nj − nk) + nk, in order to
show H(nk) ⊂
(
H(nk)−H(nk)
)
+nk is enough prove that nj−nk ∈
(
H(nk)−H(nk)
)
.
SinceH is Arf, we have that ni+nj−nk ∈ H , for all i, j ≥ k. Thus, ni+nj−nk ∈ H(nk),
for all integer i such that i ≥ k. Therefore, H(nk) + (nj − nk) ⊂ H(nk) and follows
that nj −nk ∈
(
H(nk)−H(nk)
)
. Thus, we have (1)⇒ (2). The implication (2)⇒ (3)
is trivial.
Now, suppose (3). Let i, j, k integers such that 0 ≤ k ≤ j ≤ i ≤ c − g. If
k = 0 is clear that ni + nj − nk ∈ H . So, let k ≥ 1 and suppose that H(nk) is
stable. Then, H(nk) =
(
H(nk) − H(nk)
)
+ z, for some z ∈ Z. Note that z ∈ H(nk),
since 0 ∈
(
H(nk) − H(nk)
)
. Also, nk = x + z, for some x ∈
(
H(nk) − H(nk)
)
.
Then, nk = x + z ≥ x + nk ≥ nk. Therefore, x = 0 and we have that H(nk) =(
H(nk) − H(nk)
)
+ nk. Let i, j, k be integers such that 1 ≤ k ≤ j ≤ i. Since
nj ∈ H(nk), we have that nj = y + nk, for some y ∈
(
H(nk)−H(nk)
)
. Consequently,
ni + nj − nk = ni + y ∈ H(ni) + y ⊂ H(nk) + y ⊂ H(nk) ⊂ H and thus (3)⇒ (1). 
2. The sets of leaps
Let H be a numerical semigroup of genus g > 0 and Gaps(H) = {1 = ℓ1 < · · · <
ℓg}. Remembering that ℓ0 = −1, for each 1 ≤ i ≤ g, the ordered pair (ℓi−1, ℓi) will be
called leap on H (or simply leap). The set of leaps on H will be denoted by
V = V(H) :=
{
(ℓi−1, ℓi) : 1 ≤ i ≤ g
}
.
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Note that |V | = g.
In [4], the authors work with the ordered pairs (ℓi−1, ℓi) such that ℓi − ℓi−1 = 1
and ℓi − ℓi−1 = 2, for sparse numerical semigroups of genus g ≥ 2 and 2 ≤ i ≤ g, not
considering the element ℓ0 = −1. These pairs were called single leap and double leap,
respectively.
Based on this idea, for a positive integer m, if ℓi − ℓi−1 = m the ordered pair
(ℓi−1, ℓi) will be called m-leap on H (or simply m-leap), for any numerical semigroups
with genus g > 0 and i = 1, . . . , g. If m = 1, the 1-leap on H is called a single leap on
H (or simply single leap). If m = 2, the 2-leap on H is called a double leap on H (or
simply double leap). For a positive integer m, the set of m-leaps will be denoted by
Vm = Vm(H) :=
{
(ℓi−1, ℓi) : ℓi − ℓi−1 = m, 1 ≤ i ≤ g
}
.
For convenience, we define Vm(N0) := ∅, for all positive integer m. To simplify the
notation we will denote the cardinality of the set Vm(H) by vm(H), that is, vm =
vm(H) := |Vm(H) |.
From definition the sets V and Vm’s, for all numerical semigroup H , we get the
disjoint union
V(H) =
⋃
·
m∈N
Vm(H).
Observe that, if H is a numerical semigroup of genus g > 0, then V(H) is a finite
union of non-empty disjoint sets.
Before of the next result, let us remember that a numerical semigroup H is called
hyperelliptic if 2 ∈ H .
Theorem 2.1. Let H be a numerical semigroup of genus g > 0. Then, V is a finite
union of non-empty sets mutually disjoint. In particular,
∑
m∈N
vm = g. More precisely,
(1) H is hyperelliptic if and only if v1 = 0. In this case, v2 = g and vm = 0, for all
integer m such that m ≥ 3;
(2) H is non-hyperelliptic if and only if v1 6= 0. In this case, vg+m = 0, for all positive
integer m.
Proof. LetH be a numerical semigroup of genus g > 0 with Gaps(H) = {ℓ1 < · · · < ℓg}.
Let us prove the item (1). By [6, Theorem 1.1 (i)], H is hyperelliptic if and only
if ℓi = 2i−1, for all integer i such that 1 ≤ i ≤ g. So, if H is hyperelliptic then v1 = 0.
Reciprocally, if v1 = 0 then 2 ∈ H , otherwise we will have ℓ1 = 1 and ℓ2 = 2, and so
(ℓ1, ℓ2) is a single leap, contradiction. Moreover, since ℓi = 2i− 1, for all integer i such
that 1 ≤ i ≤ g, follows that V2 = V and Vm = ∅, for all integer m such that m ≥ 3
and the assertion (1) follows.
The first assertion in the item (2), follows directly from the item (1), that is,
H is non-hyperelliptic if and only if v1 6= 0. Now, we prove the last assertion. By [6,
Theorem 1.1 (ii)], H is non-hyperelliptic if and only if H = N2 or g ≥ 3 and ℓi ≤ 2i−2,
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for all integer i such that 2 ≤ i ≤ g − 1, and ℓg ≤ 2g − 1. Thus, if H = N2 then g = 2
and we have V =
{
(ℓ1, ℓ2)
}
= V1. So, V2+m = ∅, for all positive integer m. On the
other hand, if g ≥ 3 then ℓi − ℓi−1 ≤ (2i − 1) − (i − 1) ≤ g − 2, for all integer i such
that 2 ≤ i ≤ g−1, and ℓg− ℓg−1 ≤ (2g−1)− (g−1) = g. This implies that Vg+m = ∅,
for all positive integer m, and the proof is complete. 
Proposition 2.2. Let H be a numerical semigroup of genus g. Then,
(1) H = N0 if and only if v2(H) = 0;
(2) v2(H) 6= 0 if and only if 1 6∈ H ;
(3) for g > 0, H = Ng if and only if v1(H) = g − 1 and v2(H) = 1. In this case,
vm = 0, for all positive integer m ≥ 3;
(4) for all positive integer κ,
κ∑
m=1
vm(H) ≤ g.
Proof. To prove (1), by definition, we have that Vm(N0) = ∅, for all positive integer
m. So, H = N0 implies that v2(H) = 0. Now, suppose that v2(H) = 0. Then, 1 ∈ H
and follows that H = N0. The item (2), follows directly from the previous item.
For the item (3), it is clear that if H = Ng, then ℓi = i, for all integer i such that
1 ≤ i ≤ g. So, v1(H) = g− 1 and v2(H) = 1. Reciprocally, suppose v1(H) = g− 1 and
v2(H) = 1. If g = 1, we have that v1(H) = 0 and, by item (1) from the Theorem 2.1,
follows that H = N1. Then, suppose g ≥ 2. Since |V(H)| = g ≥ 2 and v1(H) = g − 1,
(ℓ0, ℓ1) is the unique double leap. So, V1(H) = V(H) \
{
(ℓ0, ℓ1)
}
and ℓi − ℓi−1 = 1, for
all integer i such that 2 ≤ i ≤ g. Therefore, we conclude that ℓi = i, for all integer i
such that 1 ≤ i ≤ g, and we have H = Ng.
The item (4) is trivial, since
κ⋃
·
m=1
Vm(H) ⊂ V(H), for all positive integer κ. 
Theorem 2.3. Let H be a numerical semigroup of genus g.
(1) H is a sparse numerical semigroup if and only if v1(H) + v2(H) = g. In this case,
vm(H) = 0, for all positive integer m ≥ 3.
(2) If H is a sparse numerical semigroup, then the Frobenius number of H is ℓg =
v1(H) + 2v2(H)− 1.
(3) If g > 0 and ℓg(H) = 2g − K, for some positive integer K, then H is a sparse
numerical semigroup if and only if v1(H) = K − 1 and v2(H) = g −K + 1.
Proof. To prove (1) first, suppose that H is a sparse numerical semigroup. Then,
ℓi − ℓi−1 ≤ 2, for all 1 ≤ i ≤ g. Since |V(H) | = g, we have that v1(H) + v2(H) = g.
The converse implication follows directly from V1(H)∪· V2(H) ⊂ V(H) and |V(H) | = g.
Now, we prove (2). If H = N0, then g = 0 and v1(H) = v2(H) = 0, and the
equality is true since the Frobenius number of H = N0 is ℓ0 = −1. Suppose that g > 0.
If H is hyperelliptic, by Theorem 2.1 item (1), we have that v1(H) = 0 and v2(H) = g.
So, the equality follows, since ℓg = 2g − 1. If H is non-hyperelliptic, by Theorem 2.1
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item (2), V1(H) 6= ∅. If Gaps(H) = {ℓ1 < · · · < ℓg}, since H is sparse, by Theorem
2.3 item (1), we have that
g∑
i=1
(ℓi − ℓi−1) =
∑
(ℓi−1,ℓi)∈V1(H)
(ℓi − ℓi−1) +
∑
(ℓi−1,ℓi)∈V2(H)
(ℓi − ℓi−1).
Note that ℓg − ℓ0 =
g∑
i=1
(ℓi− ℓi−1). By the definitions of V1(H) and V2(H), follows that
∑
(ℓi−1,ℓi)∈V1
(ℓi − ℓi−1) = v1(H) and
∑
(ℓi−1,ℓi)∈V2
(ℓi − ℓi−1) = 2v2(H). Therefore, ℓg − ℓ0 =
v1(H) + 2v2(H) by proving the result.
Finally, we prove the item (3). Suppose that g > 0 and ℓg(H) = 2g − K. If H
is a sparse numerical semigroup, by the item (1), we have that v1(H) + v2(H) = g
and, by the item (2), ℓg = v1(H) + 2v2(H) − 1. So, 2g −K = g + v2(H) − 1 implies
v2(H) = g − K + 1 and, using the item (1) again, v1(H) = g − 1. The converse
implication follows directly by the item (1) above. 
3. κ-Sparse Numerical Semigroup
Let H be a numerical semigroup of genus g. The Theorem 2.1 shows that Vg+m =
∅, for all integer m such that m ≥ 2, and
g+1∑
m=1
vm(H) = g.
The item (1) in Theorem 2.3 motivates us to define a new class of numerical semigroups,
which generalize the sparse numerical semigroups.
Definition 3.1. Let κ be an integer positive. A numerical semigroup H of genus g is
called κ-sparse numerical semigroup if
κ∑
m=1
vm(H) = g.
Note that ifH is a κ-sparse numerical semigroup, then vk+j(H) = 0, for all positive
integer j. In particular, V(H) =
κ⋃
·
m=1
Vm(H).
For κ ≥ 2, a κ-sparse numerical semigroup H with vκ(H) 6= 0 will be called pure
κ-sparse numerical semigroup.
By the definition above, N0 is a κ-sparse numerical semigroup, for all positive
integer κ, and the sparse numerical semigroups are the 2-sparse numerical semigroups.
Also, the pure 2-sparse numerical semigroups are the sparse numerical semigroups with
genus positive.
Example 3.2. For each non-negative integer g, the ordinary numerical semigroup Ng
is a κ-sparse numerical semigroup, for all integer κ such that κ ≥ 2.
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The definition of κ-sparse condition is equivalent a another properties as follows,
which is our main result.
Theorem 3.3. Let κ be an integer such that κ ≥ 2. Let H = {0 = n0 < n1 < · · · }
be a numerical semigroup of genus g > 0 and Gaps(H) = {1 = ℓ1 < · · · < ℓg}, with
conductor c. The following statements are equivalent:
(1) H is be a κ-sparse numerical semigroups;
(2) ℓi − ℓi−1 ≤ κ, for all integer i such that 1 ≤ i ≤ g;
(3) ni+κ−2 − ni−1 ≥ κ, for all integer i such that 1 ≤ i ≤ c− g − κ+ 2;
(4) if i is a positive integer such that ni, ni + 1, . . . , ni + κ− 1 ∈ H, then ni ≥ c (that
is, i ≥ c− g).
Proof. We prove that (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (1). Initially suppose that H be a
κ-sparse numerical semigroup. Then, V(H) =
κ⋃
·
m=1
Vm(H). So, given i ∈ {1, . . . , g},
there exist m ∈ {1, . . . , κ} such that (ℓi−1, ℓi) ∈ Vm(H). Thus, ℓi − ℓi−1 = m ≤ κ and
we have (1)⇒ (2).
Now, suppose (2). First, if c = g+ κ− 1, then c− g− κ+2 = 1 and we have that
nκ−1− n0 = nκ−1 ≥ κ. Now, let c ≥ g+ κ and suppose that exist i ∈ {1, 2, . . . , c− g−
κ+2} such that ni+κ−2−ni−1 < κ. Since ni+κ−2−ni−1 ≥ (i+κ− 2)− (i− 1) = κ− 1,
follows that ni+κ−2 − ni−1 = κ − 1. Note that on the interval [ni−1, ni+κ−2] exists
exactly κ consecutive numbers and thus ni+s−1 = ni−1 + s, for all integer s such that
1 ≤ s ≤ κ − 1. So, i < c− g − κ + 2, since nc−g = c. Choice the largest index i with
that property. Then, ni+κ−2 + 1 is a gap of H . That is, there exist j ∈ {1, . . . , g} such
that ℓj = ni+κ−2+1. Therefore, ℓj−1 < ni−1 and so ℓj− ℓj−1 > (ni+κ−2+1)−ni−1 = κ,
a contradiction. Thus, we have that (2)⇒ (3).
To prove the implication (3)⇒ (4), suppose there exist a positive integer i < c−g
such that ni, ni+1, . . . , ni+κ−1 ∈ H . Note that ni+κ−1 = ni+κ−1 and i ≤ c−g+κ+1.
Then, we have 1 ≤ i ≤ c − g − κ + 1 and ni+κ−1 − ni = (ni + κ − 1)− ni = κ − 1, a
contradiction with the item (3).
Finally, we proof the implication (4) ⇒ (1). Suppose that there is a number
i ∈ {1, . . . , g} such that (ℓi−1, ℓi) ∈ V(H) \
κ⋃
·
m=1
Vm(H). So, ℓi − ℓi−1 > κ. Note that
i ≥ 2, since κ ≥ 2 and g > 0. Then, ℓi−κ, ℓi−κ+1, . . . , ℓi−1 are κ consecutive non-gaps
with ℓi − κ < ℓi < c, a contradiction with the item (4). Therefore, V(H) =
κ⋃
·
m=1
Vm(H)
and we have that H is a κ-sparse numerical semigroup. 
Corollary 3.4. Let κ be an integer such that κ ≥ 3. Let H be a numerical semigroup
with conductor c. Then, H is a pure κ-sparse numerical semigroup if and only if H
is a κ-sparse numerical semigroup and there is a positive integer i such that ni, ni +
1, . . . , ni + κ− 2 ∈ H, with ni < c.
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Proof. Initially suppose that H is a pure κ-sparse numerical semigroup. Thus, H is κ-
sparse numerical semigroup and there is an integer j ∈ {1, . . . , g} such that ℓj− ℓj−1 =
κ. So, there is i such that ni, ni+1, . . . , ni+κ− 2 ∈ [ℓi−1, ℓi]∩H and, since ℓj < c, we
have that ni < c.
Reciprocally, suppose that H is a κ-sparse and there is a positive integer i such
that ni, ni+1, . . . , ni+κ− 2 ∈ H , with ni < c. By Theorem 3.3 item (iv), follows that
ni − 1, ni + κ − 1 /∈ H , that is, (ni − 1, ni + κ − 1) ∈ Vκ(H) and follows that H is a
pure κ-sparse numerical semigroup. 
Example 3.5. Let κ be an integer such that κ ≥ 3. For an integer a such that a ≥ κ,
considerer the numerical semigroup H = {0 = n0 < n1 < · · · } of genus g = 2a − κ,
where n1 = a and nκ = 2a. Then, H is be a pure κ-sparse numerical semigroup if and
only if H = {a, a+ 1, . . . , a+ κ− 2} ∪N2a−1.
In fact, suppose that H is be a pure κ-sparse numerical semigroup. Since on the
interval [n1, nκ] = [a, 2a] has a + 1 − κ gaps and g = 2a− κ, follows that 2a + j ∈ H ,
for all j ∈ N0. Thus, the conductor c of H is such that c ≤ 2a. So, by Corollary
3.4, follows that ni+1 = n1 + i, for all integer i such that 1 ≤ i ≤ κ − 2. Then,
H = {a, a+ 1, . . . , a+ κ− 2} ∪N2a−1.
Now, suppose that H = {a, a+1, . . . , a+κ−2}∪N2a−1. Thus, if Gaps(H) = {ℓ1 <
· · · < ℓg}, then ℓi = i and ℓj = j + κ − 1, for all integers i, j such that 1 ≤ i ≤ a − 1
and a ≤ j ≤ g = 2a − κ. So, ℓi − ℓi−1 = 1, for all integer i ∈ {2, . . . , g} \ {a}, and
ℓa − ℓa−1 = κ. Therefore, H is be a pure κ-sparse numerical semigroup.
4. Structure of κ-Sparse Numerical Semigroups
For each positive integer κ, let Sκ be the collection of κ-sparse numerical semi-
groups and let S ∗κ be the collection of pure κ-sparse numerical semigroups, where, for
κ = 1, we will denote S ∗1 = S1.
Lemma 4.1.
(1) Sκ = {N0} if and only if κ = 1;
(2) Sκ = {H :H is be a sparse numerical semigroup} if and only if κ = 2.
Proof. We prove (1). First, suppose that Sκ = {N0}. If κ > 1 there is H ∈ Sκ such
that g(H) > 0, a contradiction. Reciprocally, suppose that κ = 1 and let H ∈ S1.
Then, vm(H) = 0, for all integer m such that m ≥ 2. In particular, v2(H) = 0.
Therefore, by Proposition 2.2 item (1), H = N0 and so S1 = {N0}.
Now, we prove (2). Suppose that Sκ be the collection of sparse numerical semi-
groups. From item (1), follows that κ ≥ 2. By Theorem 2.3 item (1), v1(H)+v2(H) = g,
for all H ∈ Sκ. Then, κ ≤ 2 and we have κ = 2. Reciprocally, suppose that κ = 2 and
let H ∈ S2. Then, v1(H) + v2(H) = g. So, by Theorem 2.3 item (1), H is be a sparse
numerical semigroup and the proof is complete. 
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The following result is a generalization of Theorem 2.3.
Theorem 4.2. Let κ be an integer such that κ ≥ 2. Let H be a numerical semigroup
of genus g. Then:
(1) If H is be a κ-sparse numerical semigroup, then the Frobenius number of H is
ℓg =
κ∑
m=1
mvm(H)− 1;
(2) Let g > 0 and K := 2g − ℓg. Then, H is be a κ-sparse numerical semigroup if and
only if
κ∑
m=1
mvm(H) = 2g −K + 1 and
κ∑
m=2
(m− 1)vm(H) = g −K + 1.
Proof. We prove (1). If κ = 1, by Lemma 4.1 item (1), H = N0. Then, g = 0 and
v1(H) = 0. So, the equality is true, since the Frobenius number of H = N0 is ℓ0 = −1.
Suppose that κ > 1 and thus g > 0. If H is hyperelliptic, by Theorem 2.1 item (1), we
have that v2(H) = g and vm(H) = 0, for all positive integer m such that m 6= 2. So,
the equality follows, since ℓg = 2g − 1 and
2g − 1 = 2g +
κ∑
m=1
m6=2
mvm(H)− 1.
Now, if H is non-hyperelliptic, by Theorem 2.1 item (2), V1(H) 6= ∅. Let Gaps(H) =
{ℓ1 < · · · < ℓg}. By the κ-sparse property, we have that
g∑
i=1
(ℓi − ℓi−1) =
κ∑
m=1
Vm(H)6=∅
∑
(ℓi−1,ℓi)∈Vm(H)
(ℓi − ℓi−1).
Since ℓg − ℓ0 =
g∑
i=1
(ℓi − ℓi−1) and
∑
(ℓi−1,ℓi)∈Vm(H)
(ℓi − ℓi−1) = mvm(H) (by the definition
of Vm(H)), follows the result.
To prove (2), suppose that g > 0 and ℓg(H) = 2g − K. If H is be a κ-sparse
numerical semigroup, we have that
κ∑
m=1
vm(H) = g and, by the item (1) above, 2g−K =
κ∑
m=1
mvm(H)− 1. So,
κ∑
m=1
mvm(H) = 2g −K + 1 and we have
κ∑
m=2
(m− 1)vm(H) = 2g −K + 1−
κ∑
m=1
vm(H) = g −K + 1.
The converse implication is clear. 
Let S be the collection of all numerical semigroups.
Theorem 4.3.
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(1) The sequence (Sκ)κ∈N is an strictly ascending chain.
(2) S ∗κ1 ∩S
∗
κ2
= ∅, for all positive integers κ1 and κ2 such that κ1 6= κ2.
(3) S =
⋃
κ∈N
Sκ =
⋃
·
κ∈N
S
∗
κ .
(4)
⋂
κ∈N
Sκ = {N0}.
Proof. We show the item (1). If κ = 1, by Lemma 4.1, is clear that S1 ( S2. If κ ≥ 2,
by Theorem 3.3, follows that Sκ ⊂ Sκ+1 and the Example 3.5 show that Sκ 6= Sκ+1.
The item (2), follows directly from the definition of pure κ-sparse numerical semi-
group.
To prove (3), note that
⋃
κ∈N
Sκ ⊂ S. Now, let H ∈ S with genus g. If g = 0,
then H = N0 ∈ S1. In another case, if g > 0, taking κ := max{ℓi − ℓi−1 : 1 ≤ i ≤ g},
follows that H ∈ Sκ. So, in any case, S ⊂
⋃
κ∈N
Sκ. The second equality is obvious.
The item (4) is trivial, by item (1) and Lemma 4.1 item (i). 
The item (3) in the previous theorem allows to define an equivalence relation ∼
on S in the following way: given H1, H2 ∈ S,
H1 ∼ H2 ⇔ there is κ ∈ N such that H1 and H2 are inS
∗
κ .
Now, we are interested in the Frobenius varieties, concept introduced by J. C.
Rosales in [7]. We will show that the families of κ-sparse numerical semigroups, for
κ ≥ 2, are examples of Frobenius varieties. Remember that the intersection of two
numerical semigroups is a numerical semigroup and if H is a numerical semigroup of
genus g > 0, then H ∪ {ℓg(H)} is also a numerical semigroup (see [9] for details).
Definition 4.4. A Frobenius variety is a nonempty set V of numerical semigroups
fulfilling the following conditions:
(i) for all H1, H2 ∈ V , H1 ∩H2 ∈ V ;
(ii) for all H ∈ V with genus g > 0, H ∪ {ℓg(H)} ∈ V .
Lemma 4.5. Let κ an integer such that κ ≥ 2. If H1, H2 ∈ Sκ, then H1 ∩H2 ∈ Sκ.
Proof. Let H1 and H2 are in Sκ, with genus g1 and g2, respectively. It is clear that if
g1 = 0 or g2 = 0, then H1 ∩H2 ∈ Sκ.
Thus, suppose that g1 > 0 and g2 > 0. Let Gaps(H1) = {ℓ1(H1) < · · · <
ℓg1(H1)} and Gaps(H2) = {ℓ1(H2) < · · · < ℓg1(H2)}. If g is the genus of H1 ∩ H2,
then Gaps(H1 ∩ H2) = {ℓ1 < · · · < ℓg}, where {ℓ1, . . . , ℓg} = {ℓ1(H1), . . . , ℓg1(H1)} ∪
{ℓ1(H2), . . . , ℓg2(H2)}.
Note that, if g = 1, we have that g1 = g2 = 1 and then H1 ∩H2 = N1 ∈ Sκ. For
g > 1, let i ∈ {2, . . . , g}. If ℓi, ℓi−1 ∈ Gaps(Hr), for some r ∈ {1, 2}, then ℓi− ℓi−1 ≤ κ.
Now, if ℓi ∈ Gaps(Hr) and ℓi−1 ∈ Gaps(Hs), for r, s ∈ {1, 2} with r 6= s, then there is
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j ∈ {1, . . . , g2} such that ℓi−1 = ℓj(Hs), since ℓi−1 ∈ Gaps(Hs). So, if ℓi ∈ Gaps(Hs),
we have that ℓi = ℓj+1(Hs) and follows that ℓi − ℓi−1 = ℓj+1(Hs) − ℓj(Hs) ≤ κ.
On the other hand, if ℓi /∈ Gaps(Hs), we have that ℓi < ℓj+1(Hs) and follows that
ℓi − ℓi−1 < ℓj+1(Hs) − ℓj(Hs) ≤ κ. Therefore, we have that H1 ∩ H2 is a κ-sparse
numerical semigroup, that is, H1 ∩H2 ∈ Sκ. 
Proposition 4.6. Let κ be an integer such that κ ≥ 2. The set Sκ is a Frobenius
variety.
Proof. The condition (i) in the Definition 4.4 is satisfied by the previous lemma. Now,
we will show that the condition (ii) is also satisfied. In fact, let H ∈ Sκ with genus
g > 0 and Gaps(H) = {ℓ1 < · · · < ℓg}. If g = 1, then H ∪ {ℓ1} = N0 ∈ Sκ. If g > 1,
then the genus of H ∪ {ℓg} is equal to g − 1 and Gaps(H ∪ {ℓg}) = {ℓ1 < · · · < ℓg−1}.
So, by Theorem 3.3 item (ii), follows that H ∪ {ℓg} ∈ Sκ. 
The Figure 1, illustrates a retrospective of the κ-sparse numerical semigroups as
a generalization of the sparse and Arf numerical semigroups.
Pure (κ + 1)-sparse
numerical semigroups
Pure κ-sparse numerical
semigroups
Numerical semigroups
(κ + 1)-sparse
numerical semigroups
κ-sparse numerical
semigroups
Sparse numerical
semigroups
Arf numerical semigroups
Ordinary semigroups
Trivial numerical
semigroup: N0
Figure 1. Diagram of κ-sparse numerical semigroups
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